~ improved convolutional method is used to synthesize theoretical line profiles generated by the joint actIOn of seven instrumental weight functions characteristic of the x-ray spectrometer. These include in addition to the five geometrical factors described in a previous publication: (VI) a so-called misalignment !unction a~d (VII) a spectral impurity function. The method is applied to the new spectrometer design mcorporatmg a narrow x-ray source, Soller slits, and an angular range 2(/=0 to 165° or higher. Good agreement between theoretical and experimental line profiles is achieved for quartz reflections at 20=24.0 and 90.7°. The improved treatment is used to define new curves for correcting experimental spectrometer line breadths for instrumental broadening effects. It is demonstrated that spectrometers of the new design are capable of measuring crystallite dimensions as large as 3000A.
I. INTRODUCTION
E ARLIER publications1.2 of the present author dealing with the effect of geometrical factors upon spectrometer line profiles were restricted to the forwardreflection region and did not include a treatment of Soller-slit collimators. The subsequent modification of the design of x-ray spectrometers, incorporating Soller slits and a narrow x-ray source and extending the angular range into the back-reflection region, has necessitated a review and some expansion of the previous treatment. The present investigation makes a more effective use of the convolution principle2-4 to predict theoretically the nature of the line profiles to be expected under various experimental conditions. A useful result has been the establishing of curves appropriate to the new spectrometer design for the correction of line profiles for geometrical broadening, These curves are of practical value in the determination of crystallite size from line broadening.
As explained in the previous treatment,2 for powders of sufficiently large crystallite dimensions the observed line profile is determined by the joint action of five specific instrumental factors, or weight functions: (I) x-ray source profile, (II) flat rather than curved sample surface, (III) vertical divergence, (IV) absorption of the incident beam by the specimen, and (V) width of the receiving slit. The new treatment embraces two additional factors, which under certain circumstances exert their effects upon the observed line shape: (VI) the misalignment function and (VII) the spectral impurity function. The misalignment function, which is so designated for lack of a better name, is a nonspecific and empirical function sometimes found to be essential in achieving close agreement between the synthetic and experimental line profiles. It is likely, though not ,. Based in part upon material presented before the American Crystallographic Association at Tamiment, Pennsylvania on June 20, 1952 . ' I L. Alexander, J. Appl. Phys. 19, 1068 Phys. 19, (1948 certain, that this factor is the result of a somewhat random combination of small, residual imperfections in the alignment of the several components of the spectrometer. Possibly a specific geometrical aberration of the system is responsible, but, if so, the writer has not yet diagnosed it. The spectral impurity function, although not of instrumental origin, causes significant line broadening at the larger angles and must be reckoned with in matching theoretical and observed profiles.
The present investigation has demonstrated the inaccuracy of a statement made in the introduction of the previous paper,2 "In the newer models vertical divergence is practically eliminated by the use of Soller slits . . . . " This was an uncritical expression of the popular opinion prevalent at the time of the introduction of the new spectrometer design. The outcome of the present studies corroborates the recent findings of Eastabrook& that the vertical-divergence profile generated by Soller-slit collimators is of the same order of breadth as that produced by spectrometers without Soller slits, although the shape of the profile is modified. Vertical-divergence effects with Soller slits are weighty at small Bragg angles but insignificant in comparison with other sources o~ broadening at large angles.
II. SYNTHESIS OF LINE PROFILES BY THE CONVOLUTION METHOD
As explained previously,2 if the superposition theorem holds, the line profile h(E) generated by a spectrometer is the convolution of the pure diffraction function !(E) and the over-all weight function of the apparatus g(E),
(1) where the variables E and r represent angular displacements from the theoretical diffraction angle 2fJ, their sign being positive in the direction of increasing 2fJ. The function g will be here understood to include the influence of the natural spectral distribution of wavelengths in the ideally monochromatic radiation employed.
8 This net instrumental function may also be resolved into the !ieveral specific instrumental functions, gr, gIl, etc., equivalent to the respective factors enumerated in the introduction. The function g(e) can then be derived from the seven specific functions by means of the following six successive convolutional operations, the order in which the several functions are chosen being irrelevant: +00 gr,rr(e)= f grgrr(e-S-)dS-, -00 +00 gr-III(e) = f gr, rrgrrr (e-S-)dS-,
-00 +00 gr-vI(e) = f gJ-vgvr(e-S-)dS-, -00 +00 gI_vrr(e)=g(e)= f gI-vrgvrr(e-S-)dS-.
-00
Once the over-all instrumental profile g(e) has been computed for a given set of experimental conditions, the final line profile can be synthesized for a powder specimen of any given crystallite size by performing the convolution (1) of g(e) and the appropriate pure diffraction line profile j(e). When the crystallite size exceeds about l000A at small, and about 3000A at large Bragg angles, the breadth of the j(e) profile becomes negligible in relation to that of g(e), and the observed line profile is given simply by g(e).
The present convolutional synt)lesis differs in two respects from that previously published. 2 First, the contribution of the pure diffraction functionj(e), if any, is not dealt with until after the development of the net instrumental function g(e), according to the scheme given by Eqs. (2). Second, greater flexibility and exactness are gained by expressing the successive convolutions, gr, II, gr-Ill, etc., in this scheme as analytically faithful sets of numerical data rather than by attempting to express them, more or less successfully, as simple mathematical formulas (see, for example, are e=O and -(1/4)02cotO rather than e=O and -(1/8)5 2 (1 +cos28)2 cot28, as deduced by the present writer using a more approximate method. The two negative limits do not differ greatly at small Bragg angles, where the vertical-divergence effect is relatively large, but they differ increasingly at the higher angles, where, however, it happens that the magnitude of the effect is so small as to resist detection by ordinary experiments. 7 Table I recapitulates the nature of the five instrumental weight functions previously described 2 for spectrometers without Soller slits. In addition the table includes the necessary expressions for spectrometers with Soller slits and for the extended angular range 28=0 to 180°. Figure 1 shows the appearance of the six instrumental weight functions as computed for old and new spectrometers operating under typical experimental conditions. These include a diffraction angle of 28 = 24 ° and a medium linear-absorption coefficient, 10'=34. At this rather small angle the asymmetry resulting from vertical divergence is large, whereas the spectral-impurity broadening is so small as to be negligible. It should be noted that functions gr, gv, and gVI broaden a The coefficients are such as to express all angles in degrees .
• =angular displacement from the theoretical diffraction angle, 28 •. w = angular width of profile at half-maximum intensity. 'Y -horizontal divergence of the primary x-ray beam. 8 = vertical divergence of the primary x-ray beam. l ==spectrometer radius in cm. IL = linear absorption coefficient of the specimen.
w. =angular width of the receiving slit.
b See reference 6.
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the profile symmetrically, but that gIl, gIll, and grv broaden it asymmetrically and displace the peak of the final profile toward lower angles. It can be seen from the figure that the striking improvement in resolving power displayed by spectrometers of the new design springs from the greatly reduced width of the x-ray source when the focal spot is viewed laterally instead of longitudinally and from the attellldant use of a narrower receiving slit. In the final section of this paper it is shown that this conspicuous reduction in the line-profile breadth permits a significant increase in the range of crystallite size measurements compared with the potentialities of the older spectrometers or photographic methods in general. With the exception of gr and gv, the instrumental weight functions are little changed. The magnitude of the misalignment function given in Fig. 1 was chosen empirically so as to effect optimum agreement between theory and experiment for the particular spectrometer used in the present studies;t there is little likelihood that a gvr function of the same breadth would be applicable to all instruments and to all states of optical alignment. The reader's attention is directed to Fig, 2 for an illustration of the convolution process. Here the functions considered are gu= I el-1 and gIv=expkrvE, where the angular limits are, respectively, 0 to Em = -(y2f114.6)cot8 degrees and 0 to -00. The absorption constant krv is given by 4}.!l/114.6 sin28. Substitu tion of the representative experimental values 28 = 24°, 'Y=1°, 1=17 cm, and ~=34 (moderately absorbing specimen) gives Em and krv the approximate values -0.05° and 50, respectively. Application of Eq. (1) to these two functions gives, for the convolution to be evaluated, gu.rv(e)= J Irl-1[expkrv(E-t)]dr, (3) which for numerical computation can be replaced by the corresponding summation, The accuracy of the numerical results can be made as good as desired by keeping the interval At sufficiently t The instrument employed was a Norelco wide-angle Geigercounter x-ray spectrometer with narrow source and Soller slits.
small. The carrying out of these calculations can be facilitated by tabulating the necessary numerical values of I t 1-1 and expkrvt in vertical columns on two strips, which are translated stepwise with respect to each other to permit evaluation of the series at successive values of E. The labor is lightened by utilizing a calculating machine capable of accumulating products_ The sharp cutoff in the function gIl at E= -0.05° (see Fig. 2 ) results from the limited horizontal divergence of the x-ray beam. powder was prepared by crushing a water-white, clear, single crystal to a fine state in a Plattner "diamond" mortar and separating a size fraction in the range 5-20 microns by sedimentation from methanol. This procedure yields a powder free of particles fine enough to produce line broadening, insuring that the experimental line profiles at large Bragg angles will be the result of purely instrumental factors. Table II gives in detail the experimental conditions that apply to the observed and theoretically computed profiles of Figs. 3A and 3B. The agreement between theory and experiment displayed by the figures is evidently rather good, especially in view of the fact that the forms of several of the instrumental weight functions cannot be specified with great accuracy. This is particularly true of the verticaldivergence and spectral-impurity functions, the former being very important at 24° and both exerting a significant influence at 90°. Likewise, two of the less weighty functions can be approximated only imperfectly, the source and the sample-absorption functions, the latter because of the difficulty of assaying the precise absorption coefficient J.I. of the powder, which varies with its state of compactness. The form of the verticaldivergence profile for spectrometers with Soller slits, although already subjected to detailed mathematical analysis, is nevertheless known to but a first approximation because of unusual difficulties which are encountered in attempting to incorporate certain geometrical features into the treatment. These include the finite height of the x-ray source and the "end" effects resulting from the use of a limited number of Soller-slit apertures. It is perhaps not surprising, then, that a misalignment function of 0.04° half-maximum breadth gave improved agreement at 24° but was not needed at 90°. It may be mentioned that at an intermediate angle (20 = 50°) the same misalignmen t function with w = 0.04 ° again was found to yield improved agreement.
The foregoing discussion of the limitations affecting line-profile studies of a quantitative nature supports the conclusion that further efforts to refine the theoretical treatment would hardly be justifiable. The principal excuse for the very considerable efforts already expended on this topic has been the generally felt need on the part of diffractionists for a clearer understanding of the factors responsible for observed line shapes. Besides contributing to this clearer understanding, it is hoped that these studies will make it possible for workers to apply the x-ray spectrometer to a wide variety of practical problems somewhat more efficiently and productively. One specific practical outcome of the recent studies is treated in the next section.
IV. THE CORRECTION OF X-RAY SPECTROMETER LINE PROFILES FOR INSTRUMENTAL BROADENING
The determination of crystallite sizes from the breadths of x-ray diffraction lines with the aid of the
is contingent upon one's ability to deduce from an observed line breadth B the pure diffraction broadening {3, free of instrumental effects. In a previous publication 9 a brief review was given of current methods for correcting experimental line breadths obtained photographically, and new correction curves were developed by the method of convolutional synthesis for use with spectrometers of the older design without Soller slits, Although they did not allow for geometrical differences between instruments having narrow and wide sources or for the dependence of the geometrical effects upon 28, their correction curve agrees closely with that given by Alexander and Klug 9 for spectrometers of the older design. Figure 4 gives new correction curves, derived in the present convolution studies, which are applicable to spectrometers with narrow sources (rectangular focal spot viewed laterally), Soller slits, and designed for operation over the wider angular range extending from 28=0 to 165° or more. These curves were derived by a method similar to the one described earlier,2.9 with the difference that instead of employing successive broadening-ratio curves to arrive at the net breadth resulting from the action of the pure diffraction profile,f(e), and the several instrumental factors, gI, gIl, gm, etc., complete instrumental line profiles, gee), were first synthesized for various sets of typical experimental conditions, after which convolutions were executed of these gee) profiles with f( e) profiles of various breadths {3 (see reference 2, pp. 138-9). As in the earlier work, the basic and rather well justified assumption is made that the pure diffraction profile has the form 1/ (1 +k 2 ( 2 ).
Because of the pronounced differences between the geometrical conditions underlying measurements at small and those at very large Bragg angles, it is necessary to define no less than two correction curves, one for each of these limiting conditions. At low or moderate Bragg angles (28 between 0 and 90°) the instrumental profile geE) is produced by the joint action of a number of factors of approximately equal weight, several of them being asymmetric (see Fig. lB ). The convolutions of such profiles with pure diffraction profiles f( e) of various breadths lead to the correction curve designated "low-angle reflections." The difference between the positions of the curves for half-maximum and integral breadths is so small as to be justifiably neglected considering other larger sources of inaccuracy that are present. It is felt that this curve is more reliable than those previously published for spectrometers with wide sources 9 because the former dominant role of the x-ray source profile has in the present analysis been superseded by the combined influence of several factors, most of them known with somewhat better accuracy.
At large Bragg angles (20;;;;; 145°) broadening due to the several instrumental factors becomes small in relation to that resulting from the natural spectral distribution in the incident radiation, as pointed out earlier. 10 Schoening, van Niekerk, and Haul, Proc. Phys. Soc. (London)  B65, 528 (1952) . Data compiled by Compton and Allison 6 ,1l from doublecrystal spectrometer measurements indicate that the profiles resulting from the spectral distribution (or impurity) conform rather closely to the function 1/ (1 + k 2 E2). This means, then, that to a first approximation the observed profile at large Bragg angles is simply the convolution of two 1/ (1 + k 2 ( 2 ) profiles, one due to the crystallite-size distribution and the other to the spectral distribution in the radiation employed. Computation of a series of such convolutions leads to the possibly unexpected result labeled "back reflections" in Fig. 4 , a straight line from the upper left-hand to the lower right-hand corner of the chart. This correction applies to both widths at half-maximum intensity and integral breadths. It is equivalent to /3/B+b/B=l or /3=B-b, (6) which states that /3 and b are simply additive, the original Scherrer postulate. 8 It must be strongly emphasized at this point that this correction formula has no general applicability in diffraction measurements because it is strictly valid only when bothf(e) and gee) are of the form 1/ (1 +k 2 e 2 ). For spectrometers with narrow source profiles this condition is approached at backreflection angles, and it is therefore suggested that the straight-line function be adopted for all crystallite-size measurements in the angular range 145-180°. Actually it is probable that in any particular crystallite-size determination at high angles the optimum correction curve to be applied lies somewhere between the two curves of Fig. 4 but rather closer to the lower one.
The much narrower instrumental profiles attained in the newer spectrometer design permit the determination of {3 from experimentally measured breadths band B with far greater precision than was possible with older spectrometers. This is because the ratio biB decreases as the instrumental breadth b decreases, thereby causing the point of calculation to move to the left along the curves of Fig. 4 , and the precision with which {3/ Band {3 can be determined improves toward the left, especially when the calibration curve is nonlinear and, instead, convex upward. It is worthwhile at this point to reaffirm the general rule that for best precision in crystallite-size measurements the experimental conditions should be selected with a view to making b/ B as small as possible.
It is also noteworthy that the lower curve of Fig. 4 is of special importance because it applies to the angular region in which cosO has minimum values, thereby permitting measurements of relatively large crystallite dimensions, D [see Eq. (5)]. By employing resolved al or {3 lines it is possible to do rather accurate work in the size range 500 to 2000A, and size estimates can be made up to about 3000A. Below 500A partial superposition of the al and a2 profiles sets in, making it difficult to utilize the components of the doublet, and better results will be realized by resorting to a {3 line or an unresolved Ka line in the medium-or low-angle region.
As pointed out in the earlier paper,9 line broadening resulting from the separation of the Ka doublet should be allowed for before the curves of Fig. 4 are applied. Jones 12 showed how such a correction curve can be derived, assuming lines of any known shape. His method consists essentially of compounding two profiles of the same shape and breadth b but differing in height by a factor of two and separated by some angular increment d, and then dividing the resultant area by the resultant height to yield the final integral breadth boo Assuming a line profile of more or less typical shape, Jones in this way arrived at the correction curve A of band B refer to the line breadths after correction for Ka-doublet broadening, and d is the angular separation of the doublet for the particular radiation employed and at the appropriate angle 28.
In order to conform to the usage of the present treatment, which employs breadths at half-maximum intensity, the curves B, C, and D of Fig. 5 have been developed by a method similar to that of Jones. Curves C and D are applicable to Gaussian and 1/ (1 + k 2 e 2 ) profiles, respectively, whereas B has been derived for a profile of intermediate shape. It is suggested that B or D be used for spectrometer line profiles, the latter being more suitable at back-reflection angles. The experimental conditions should be chosen so as to make d/b o or d/ Bo as small as possible, preferably less than 0.4. The correct choice of curve to be used becomes more critical and the reliability of the correction poorer as the ratio increases. To measure crystallite sizes with the highest absolute accuracy, it is best to circumvent the adoublet correction whenever possible by utilizing resolved lines such as ai, a2, or {3, or, failing in this, a careful analysis of the line shape should be carried out and a more appropriate correction curve derived than those of Fig. 5 The specimen was micronized quartzite powder sedimen ted from methanol to remove all particles larger than 5 microns in mean dimension. The diffraction pattern obtained with CuKa radiation showed appreciable broadening only in the back-reflection region, so this served as a good test of the new spectrometer with narrow source when applied to the determination of a mean crystallite dimension near the upper limit of the measurable range. The (24·0)al line at 2()= 146.6° was counted point by point and the profile compared with a reference profile of the (24·0)a 1 line of a 5 to 20-micron fraction of pure quartz powder, the respective widths at half-maximum intensity being 0.370 and 0.220° (see Fig. 6 ). The latter line is conspicuously broadened by the natural spectral breadth of the CuKa radiation, as can be seen by comparing its breadth, 0.220°, with the breadths observed at relatively low angles, which are of the order of 0.10° (see Fig. 3A ).
The following numerical results are obtained if the shape factor K of Eq. (5) 
